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Abstract 

The Green-Schwarz action for a non-BPS p=2 brane embedded in a N=l, D=4 tar- 
get superspace is shown to be equivalent to the Nambu-Goto-Akulov-Volkov action 
obtained via the nonlinear realization of the associated target space super-Poincare 
symmetries. Introducing a U(l) gauge field strength as a Lagrange multiplier, this 
p=2 brane action is re-cast into its equivalent dual form non-BPS D2-brane Born- 
Infeld action. Following the procedure given by Sen, the Green-Schwarz action for 
a non-BPS D2-brane is determined directly. From it, conversely, the dual form non- 
BPS p=2 brane action is derived. The p=2 brane and the D2-brane actions obtained 
by these two approaches are different in form. Through explicitly determined field 
redefinitions, these actions are shown to be equivalent. 
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1 Introduction 



Super p-brane dynamics can be obtained by means of the Green- Schwarz method |1. 
for constructing the brane action. In the BPS case the action consists of two sets 
of separately super-Poincare invariant terms which are related to each other by re- 
symmetry Exploiting this local fermionic symmetry, half of the fermionic world 
volume fields can be set to zero along with the Wess-Zumino set of action terms in 
order to achieve the final form of the BPS brane action. The super Dp-brane actions 
can be obtained by means of duality transformations of the super p-brane actions 
[Hj. Indeed the action for a BPS super D2-brane embedded in D=10 superspace was 
first obtained by a duality transformation on the action for a BPS super p=2 brane 
action embedded in D=ll superspace j3j. In addition, non-BPS branes occur in field 
theory |Hj as well as string theory [E][Ij 4 - Excluding the Wess-Zumino action terms 
from the total Green-Schwarz action ab initio eliminates the re-symmetry of the action 
and so prevents the gauging away of half of the fermionic fields. With all fermionic 
fields present the resulting super-Poincare invariant action describes a non-BPS brane 
action. This approach can be applied to the construction of non-BPS p-brane actions 
as well as non-BPS Dp-brane actions. 

Besides the above Green-Schwarz approaches to brane dynamics, the coset method 
P][TU] has been used to construct actions for static gauge BPS super p-branes |TT] 
and BPS super Dp-branes [T2J. Nonlinearly realized supersymmetry in non-BPS D- 
branes was emphasized in In reference jT3] the action for a non-BPS p=2 brane 
embedded in N=l, D=4 superspace was constructed via the nonlinear realization of 
the spontaneously broken super-Poincare symmetries of the target superspace. The 
action described the motion of the brane in N=l, D=4 superspace through the brane 
localized Nambu-Goldstone boson field <fi associated with motions in space directions 
transverse to the brane, hence in the direction of the broken space translation sym- 
metry. It also involved brane localized D=3 Majorana Goldstino fields d{ and Aj, 
i = 1,2, describing brane oscillations in Grassmann directions of superspace which 
4 In string theory, unstable non-BPS branes whose effective action includes a tachyon [Hj, as well 
as stable non-BPS branes, are discussed 
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are associated with the completely broken N=l, D=4 supersymmetry (SUSY). The 
action, after application of the "inverse Higgs mechanism" [TH] . is the N=l, D=4 
super-Poincare invariant synthesis of the Akulov-Volkov [§] and Nambu-Goto [Td] 
actions 



with the Akulov-Volkov dreibein in the static gauge = 5 r £+i6 , y a d m 6+i\'y a d m \. 
Exploiting the coset method further, the action was shown to be dual to the action 
for a space-filling non-BPS D2-brane whose supersymmetric Born-Infeld jTTj action 
was given by 



where the Akulov-Volkov metric is given by g mn = e^r] ab e^ and the field strength 
vector and tensor are related as F m = \e mnr F nr where F mn = d m A n — d n A m with A m 
the Born-Infeld U(l) gauge field. 

The purpose of this paper is to determine the action for a non-BPS p=2 brane 
embedded in N=l, D=4 superspace and the action for a space-filling N=2, D=3 non- 
BPS D2-brane directly by means of the Green-Schwarz pQ approach as modified by 
Sen |U| for the non-BPS case. The actions dual to these actions are then determined. 
In the cases that the actions obtained are of a different form than the corresponding 
brane actions obtained by means of the coset method their equivalence is established 
through explicit field redefinitions. Specifically in section 2, the non-BPS Green- 
Schwarz method is used to obtain the action for a non-BPS p=2 brane. Its form, in 
the static gauge, is the same as that obtained via the coset method, equation (jl.lj) . 
Introducing a U(l) gauge field strength as a Lagrange multiplier, the dual form of 
this action is found to have the same Born-Infeld form as obtained using the coset 
method, equation (jl.2j) . In section 3, the procedure of Sen is applied to the space- 
filling N=2, D=3 non-BPS D2-brane case in order to obtain its Green-Schwarz action 
directly. This non-BPS D2-brane action in an arbitrary gauge is found to be 



where T mn = F mn — b mn with the two form b mn given in terms of the brane degrees 




(1.1) 




(1.2) 




(1.3) 
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of freedom so that T mn is supersymmetric. Further this action is shown to be dual 
to the action for a non-BPS p=2 brane embedded in N=l, D=4 superspace with the 
form 



where now the two form b mn couples directly to the trivially conserved current 
e mnr d r (j). The non-BPS D2-brane action and its dual p=2 brane action obtained by 
the modified Green-Schwarz method of Sen, equations ()1.3|) and 1)1. 4j) . respectively, 
have different forms than the corresponding non-BPS brane actions derived via the 
coset method (and Green-Schwarz p-brane method), equations (jl.2j) and (jl.ljl . re- 
spectively. In section 4, the explicit field redefinitions are given that render the two 
forms of the actions equivalent. 




(1.4) 



4 



2 The Non-BPS p=2 Brane Action And Duality 



The N=l, D=4 superspace coordinates of an embedded p=2 brane are denoted by 
the bosonic space-time coordinates, x M (^" m ), with p, = 0,1,2,3, and the fermionic 
Weyl spinor coordinates, a (£, m ) and #d(£ m )> where £ m , m = 0, 1, 2, express the world 
volume space-time coordinates of the embedded brane. The linear representation 
of the N=l, D=4 super-Poincare symmetries on the superspace coordinates is most 
easily obtained from the motion that group multiplication induces on the parameter 
space of the SUSY graded Lie group. The N=l, D=4 super-translation subgroup 
elements can be written as 

n(x, 9, 9) = e^^+^+W. (2.1) 

Multiplication by the group elements and use of the Baker-Campbell-Hausdorf for- 
mula yields the induced motion in superspace. For translations and SUSY transfor- 
mations it is obtained that the group multiplication law 

Q(a, 77, 77)00, 9, 9) = n(x + a + i{j]o9 - Oaf]), 9 + rj,9 + fj) (2.2) 

induces a movement in superspace (x,9,9) — > (x',9',9') = (x + a + i(r]a9 — 9afj),9 + 
r],9 + fj). Proceeding similarly, all the N=l, D=4 super-Poincare symmetry transfor- 
mations, including R symmetry (cf. equation (|2.1UJl ). are obtained 

5 p (a)x^ = 5 Q (r], fj)x" = 1^9 - 9a"fj) 

5 p (a)9 a = 6^(7],^ = ^ 

5 p (a)9 6l = 5Q( V ,f}% = fja 

5 m (uj)x» = u^x u 5 R (p)x^ = 

5 M {u)9 a = -{u^{9a liV ) a 5 R (p)9 a = +t P 9 a 
5 M (cu)^ = -i^(^) . 5 R (p)9 & = -ip9 & , 

(2.3) 

where 5x^ = x'^—x^ 1 , and so on. These variations represent the SUSY charge algebra, 
for example 

[5 Q ( V , fj), 6 Q ((, C)] = +26 p (t((ar ] - V a0). (2.4) 
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According to the Green-Schwarz construction pQ, the SUSY (and translation) 
invariant one-forms d m 9 , d m 9 and 

= d m x» + id m do»e - iBo^dJ (2.5) 

can be used to construct the translation and SUSY invariant induced world volume 
metric g mn 

g mn = n^lC (2.6) 

Thus, the action for a non-BPS p=2 brane embedded in N=l, D=4 superspace is 
given by 

r = -a J d 3 ^detg mn , (2.7) 

where a is the brane tension. Besides being N=l, D=4 super-Poincare invariant, the 
action is world volume reparametrization invariant. Consider the reparametrization 
£ = £(£')' the world volume element is rescaled by the Jacobian d 3 £ = (det d^/d^')d 3 ^' 
while the world volume one-form transforms as a world volume vector n^(£) = 
(<9£ /n / <9£ m )n^(£') . Hence the metric is indeed a world volume two tensor and \/detg 
a world volume density, \Jdet g(£) = (det d£'/ d£)<J det g (£') . Thus the action is left 
invariant. 

The reparametrization invariance can be used to choose the static gauge in which 
the world volume coordinates are chosen to be the first three space-time coordinates, 
£m _ x m w } 1 £ e kh e remaining space point is re-labeled as the p=2 brane degree of 
freedom (f)(x m ) = x 3 (x m ), a world volume field. Having chosen the space-time coordi- 
nates thusly, it is important to choose a commensurate linear combination of fermion 
fields to describe the brane oscillations into Grassmann directions. More specifically, 
this choice of gauge masks the initial explicit four dimensional symmetry, indeed it 
leaves explicit a three dimensional symmetry. Exploiting this manifest covariance, 
the N=l, D=4 super-Poincare algebra can be re-expressed as a centrally extended 
N=2, D=3 super-Poincare algebra including the D=4 Lorentz symmetry generators 
as additional N=2, D=3 automorphism charges. The components of the Weyl fermion 
supersymmetry charges Q a and will then be combined to form the components 
of the two N=2, D=3 Majorana spinor supersymmetry charges, denoted qi and Sj, 
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i — 1,2 such that they anti- commute with themselves to yield the translation gener- 
ator p m = P m and with each other to yield the central charge Z = P3, the direction of 
brane oscillations in this gauge. This rearrangement of components is also reflected in 
the fermion fields. The Weyl fields will now be written in terms of two D=3 Majorana 
fermion world volume fields, 8i(x m ) and Xi(x m ). The corresponding relation between 
the charges and fields are obtained from the equality of the SUSY transformations in 
each basis, that is a Q a + 9aQ a = QiQi + AjSj. 

The action ()2.7|) can be written in terms of these new field variables, (<ft, 8, A), or 
equivalently, one can start with the N=2, D=3 SUSY transformations and construct 
the action according to the Green-Schwarz method directly. Implementation of the 
static gauge will then be straightforward. Both approaches yield the same expressions 
for 11^ and hence the action. Their interrelation will be noted below. To find the 
new fields and charges consider the space-time translation generator P M , which trans- 
forms as a vector (~, |) representation of the D=4 Lorentz group, it consists of a D=3 
Lorentz group vector, p m = P m , with m — 0,1, 2, and a D=3 scalar, Z = P 3 . Like- 
wise, the Lorentz transformation charges M^ v are in the D=4 (1, 1)^ representation 
which consists of two D=3 vector representations: M mn = e mnr M r and K m = M m3 . 
The R charge is a singlet from both points of view. Finally the D=4 SUSY (|, 0) 
spinor Q a and the (0, |) spinor consist of two D=3 two-component Majorana 
spinors: % and Sj, with i = 1,2, comprising the charges for N=2, D=3 SUSY. These 
spinors are given as linear combinations of Q a and according to 



The N=l, D=4 super-Poincare algebra can be written in terms of these N=2, 
D=3 representation charges as 




(2.8) 



where (a x , o y ,a z ) are the Pauli matrices and 




(2.9) 
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[p m , p n ] = [M m , M n ] = -ie mnr M r 

[p m , Z] = [M m , K n ] = -ie mnr K r 

[K m ,K n ] = +ie mnr M r 



[M m ,p n ] = -ie mnr Pr 
[M m ,Z] = 

[M mn , Sl ] = -HT S ; 



[K m ,p n ] = +ir] mn Z 
[K m ,Z] = +ip m 

[K m , qi ] = +^ Sj 
[K m ,Si]=-b$<b 



{ qi , qj } = +2 (i m C) l]Pm 
{ 8i , 8j } = +2 (i m C) ljPm 
{Qi, s j} = -2iCijZ. 

(2.10) 

Note, the notation used in this paper is that of reference [Hj, in particular the charge 
conjugation matrix and the 2 + 1 (D=3) dimensional gamma matrices in the appro- 
priate associated representation are given there. 

The group element Q is now parameterized by the coordinates of the centrally 
extended N=2, D=3 superspace, x m (£), <fi(£), The above transformation 

algebra induces a motion in N=2 superspace, 

K = A l + r ?l + ^ m (7 m ^) l + ^ t -^a m ( 7 m A) l , (2.11) 
resulting in the linear representation of the N=2, D=3 transformation generators 



[R, qi] = +iSi 
[R, Si] = -iqi 
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SP(a)x m = a 
5 p (a)(j) = 
5 p (a)6 = 
5 p (a)X = 



S z (z)x m = 
5 z {z)<j) = z 
5 z {z)6 = 
5 z (z)X = 



^(C)0 = -CA 

*W = c* 

^(C)A, = 



S s (r])x m = —ir]^ m X 
<5 s (r?)0 = +fj6 

5%) A; = 7ft 



5 M (a)x m = e mnr a n x r 
5 m (q;)0 = 

5 M (a)0i = -i« m ( 7 m ^), 
5 M {a)\ i = -| a m ( 7 m A) 4 



<^(&)o; m = -6 m 
5* (6)0 = -6 m a; m 
<y*(6)0 4 = +|& m (7 m A) J 
^(6)Ai = -f& m (7 m ^), 



<^(p)x m = £*(p)0i = -ipXi 

5 R (p)(j> = 5 R (p)Xi = +i P 6i 



(2.12) 



Once again these variations obey the N=2, D=3 SUSY transformation algebra, for 
example 

[no,nc')} = 2^(zc 7 co 

[* ff (C),*'fa)] = 26 Z (CV). (2-13) 

These transformations are precisely of the same form for the total variations of the 
fields that are obtained by means of the coset method. This is because the same 
exponential representation of the subgroup elements is used as in reference 
The N=2 SUSY invariant one forms now become 

n» = d^ + ie^e + a^x 
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14 = d m( p + 9d m X-Xd m 9. (2.14) 

The induced metric on the world volume, requiring D=4 Lorentz invariance (specifi- 
cally under the broken K m transformations), now is given by 

9mn = ^VabK ~ (2-15) 

Equivalently, equations ()2.14|1 and ()2.15j) are obtained by substituting the expressions 
for 9 a and in terms of 6i and Aj (i.e. 9 a Q a + 9aQ a = QiQi + Ksi), 

into equations (j2.5j) and (|2.fi|) . The N=l, D=4 super- Poincare invariant action is as 
previously 

r = -a J d 3 ^detg mn . (2.17) 
Introducing the Akulov-Volkov induced dreibein in this general gauge 

e m a = = d m x a + ih a d m + i\l a d m \ (2.18) 

the induced metric then takes the form 

Qmn &mP'ab& n i (2-19) 

with the Nambu-Goto metric n ab given by 

n ab = Vab - K lm n 3 m K ln K 



Vab 



V a cf>-V a 9X + 9V a X V b (j) - V b 9\ + 9V b X , (2.20) 



where the Akulov-Volkov partially covariant derivative, T> a , and the partially covari- 
ant derivative of 0, V a 0, are, respectively, 

V a = e~ lm d m 

V a = e" lp n p 3 = V a <P + 9V a X-VjX = e- lm (d m <f ) + 9d m X). (2.21) 
The determinant of n ab is simply 

det n = 1 - ( V„0) 2 = 1 - \v a <p - V a 9\ + 9V a \\ 2 . (2.22) 
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Hence, taking the square root of this determinant, the action for the non-BPS p=2 
brane embedded in N=l, D=4 superspace is obtained 

r = -a J d 3 £ det e\j 1 - (f) a (f) + 6V a X - V a 6xf . (2.23) 

Exploiting the world volume reparametrization invariance in order to choose the static 
gauge, £ m = x m , all the world volume fields become functions of x m and the Akulov- 
Volkov dreibein becomes that of ^1] 

e m a = W m = 8« + ih a d m + i\i a d m \. (2.24) 

The action reproduces that found in jHj, equation above, by means of the coset 
method. 

Once in the static gauge the action is no longer invariant under the original sym- 
metry transformations since now x m = £ m . A compensating general coordinate trans- 
formation must be made on the fields so that when applied to the x m coordinates 
they are invariant and so remain in the static gauge. Hence intrinsic variations of the 
fields, Sip, are defined with a compensating coordinate transforming factor, denoted 
as C m , 

Sx m = 5x m -C l d t x m 
5(f) = 5(j)-C l di(f) 
56 = 56-C l d l 6 

5\ = 5X-C l d l X. (2.25) 

In particular x m must remain in the static gauge, hence it is required that 5x m = 0, 
thus the compensating factor is determined for each super-Poincare transformation 
C m = 5x m . Consequently it is obtained that 

C m (a) = a m 
C m {z) = 

c m (Q = -i(j m e 

C m {r]) = -if]-f m X 
C m {a) = e mnr a n x r 
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C m {b) = -b m (p 

C m {p) = 0. (2.26) 

These compensating terms reproduce the intrinsic variations of the fields obtained in 
reference |T3] by means of the coset method. The compensating factors are the Taylor 
expansion factors necessary to go from the linearly represented total variations of the 
fields to the nonlinear realizations of the intrinsic (Lie) transformations. The static 
gauge action is invariant under the nonlinearly realized N=l, D=4 super- Poincare 
variations of the <f), 6, A fields (dropping the bar on the intrinsic variations 5 — > 5) 



5P(a)<f) = -a m d m <p{x) 
SP(a)6 = -a m d m 6(x) 
5P(a)X = -a m d m \(x) 



S z (z)4> = z 
S z (z)9 = 
5 z {z)X = 



S q {Q<p=-t\ + itT0d m <P{x) 
8 q (C)0i = Ci + iC-Y m 0d m ei(x) 
5%C)X l = +t( 1 m 6d m \ t (x) 



8 s {rj)4> = + ir}^ m \d m (f){x) 

5 s (77)0; = +ifj 1 m Xd m e i (x) 

5 s (r])\i = r]i + if]^ m Xd m \i{x) 



S M (a)(p = -e mnr a n x r d m (j){x) 
6 M (a)9 l = -la m (l m 0) i -e m 
5 M {a)\ i = -ia m { 1 m \) i -e" 



5 K (b)(f) 

a n x r d m 8i(x) 5 K (b)8i 
"a n x r d m \i(x) 5 K (b)Xi 



-b m x m + # m <9 m 0(x) 
+lb m (l m ^ l + <pb m d m e i (x) 
-|&m(7 m ^)i + <pb m d m \i(x) 



5 R {p)<p = 
6 R (p)6 l = -ipXi 
5 R (p)\i = +ip6i . 

(2.27) 

In general in D=3 a scalar field and a U(l) gauge field provide equivalent descrip- 
tions for the single field degree of freedom. Returning to the action in a general gauge, 
equation (|2.2Hj) . this relation can be made explicit by first introducing a Lagrange 
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multiplier field L a in order to define k a = V a so that the action becomes 

r = -a J d 3 £ det e { ^(1 - ¥) + L a (k a - V a 0) } , (2.28) 

The action is now a functional of the independent fields T = T[9, A, (f), k, L]. The <fi 
equation of motion will imply the D=3 Bianchi identity for the U(l) field strength 
Lagrange multiplier field L a 

^ = -ad m (det eL a e- lm ) = 0. (2.29) 

Hence the field strength F m = det eL a e~ lm obeys the D=3 Bianchi identity d m F m = 
0, which has the U(l) gauge potential, A m , solution 

that is F mn = e mnr F r = d m A n — d n A m . At the same time the Bianchi identity allows 
<f) to be eliminated from the action by an integration by parts as seen below. 

The k a field equation is algebraic and allows k a to be directly eliminated from the 
action in favor of L a and hence F m 

5T ( k a \ 

— = - a det e [ L a - -= = 0. (2.31) 

Thus it is obtained that 

k a 

L a . (2.32) 



Contracting with L a yields 



L a k a = LVl - k 2 , (2.33) 
while squaring yields the equation 

VT^k 2 = . 1 . (2.34) 

Substituting these into the p=2 brane action ()2.28|) . the dual D2-brane Born- Infeld 
action is secured 

r = -o J d 3 £ jdet eVTTT 1 - F m (d m (f) + 9 d m a) j . (2.35) 
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Substituting the U(l) field strength for L a 

L 2 = ^^(F m e m a )^(F n e n b ) = F a i] ab F b = F a F a , (2.36) 

the action is obtained in the general gauge 

r = -o J d 3 £ (det ey/l + F a F a - F m [9 m + 9d m X]\ 

= -a J ^det (g mn + F mn ) - F m (6d m X)) , (2.37) 

where the <fi term has been eliminated by an integration by parts and the use of the 
Bianchi identity d m F m = 0, as alluded to above. Once again going to the static 
gauge, the action of [Hj, equation ()1.2|) above, is obtained. Hence the non-BPS 
p=2 brane Nambu-Goto-Akulov-Volkov action (|2.23J) obtained by the Green- Schwarz 
method and the coset method is dual to the space-filling N=2, D=3 non-BPS D2- 
brane supersymmetric Born-Infeld action first obtained in ^3] by the coset method 
and here by Lagrange multiplier and field equation techniques 
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3 The Non-BPS D2-Brane Action And Duality 



Consider a space-filling non-BPS D2-brane in N=2, D=3 superspace directly. The 
N=2, D=3 superspace coordinates of the brane are x m (t;), and A»(£) with £ m 
the world volume coordinates of the brane. The isometries of the target space are 
now those of the non-centrally extended N=2, D=3 super Poincare group. Their 
algebra is that given in equation (j2.10j) with Z = and K m absent. Likewise the 
transformations of the fields are just those in (j2.11|) and (j2.12|) without the equations 
for <p and with h m = 0. Consequently the SUSY invariant building block is the 
Akulov-Volkov dreibein as in equation (j2.18|) 



P4 = d m x a + %h a d m Q + %\i a d m \ 



(3.1) 



with the associated invariant Akulov-Volkov metric made with the Minkowski metric 
r] ab (not the Nambu-Goto metric n a b as in equation (j2.19|0 

= n^rr 6 



9n 



^mVab^n ■ 



(3.2) 



In addition a non-BPS D2-brane is described by a gauge potential A m through a 
generalized SUSY invariant field strength T mn = F mn — b mn where F mn = d m A n — 
d n A m and b mn is a world volume 2-form. The b mn can be found by its required 
property that its SUSY variations are exact, 6 q,s b = d/3. Following the construction 
of and p\, b mn is given by 



eyd m e - h l d m x 



% — % — 

d n xi + -9jid n + -\iid n X 



— (m <-> 



n). 



(3.3) 



Applying the SUSY variations to b mn it is found that 



5«(()b n 



-d„ 



i(-y l ed n x l + ~{(d n e)0o 



ir\~{ Xd n xi + - (r]d n X)XX 



i(T l ed m x l + -{(d m 0)M 



+ d n 



irjnf Xd m xi + -(r]d m X)XX 



Since the variations are exact, T mn can be made SUSY invariant, 8 q,s Tr, 
canceling the b mn variations with those of the gauge field A m 



(3.4) 
0, by 



8%QA r 
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ir]^ l \d m xi + ^(r/<9 m A)AA 



(3.5) 



The N=2, D=3 super Poincare invariant non-BPS D2-brane Born-Infeld action is 
given by, equation (jl.3j) . 

r = -a J d 3 ^det {g m n + Fmn)- (3.6) 

Recalling equation (J3.2J) for the metric, the action becomes, including a Lagrange 
multiplier field, A mn , defining the field strength tensor, 

r = -a J d 3 £dete jy/det + e~^ ln ^ mn ) - ^A mn (F mn - (d m A n - d n A m ))} 
= -a J d 3 £ det e { yj(l + T«T a ) - F a A a + A mn d m A n } , (3.7) 

where for any antisymmetric 2-tensor, T mn , the corresponding vector density, T m , is 
given by T m = ~e mnr T nr and vice versa T mn = e mnr T r . Likewise, T m = \e mnr T nr 
and inversely T mn = e mnr T r . It should be noted that the contravariant and covariant 
vector densities are related according to T m = (det e) 2 g mn T n . It is useful to define 
tangent space tensors, T a b and T ab , and their associated tangent space vectors, T a 
and T a , 

rp _ lm*- lnrp . rpab _ ~a ~b rpmn 

J- ab — t-a ^b -'-van j J- — ^m^"n^- 

T a = l -e abc T bc ■ T a = l -e abc T bc . (3.8) 

The contravariant and covariant tangent space vectors are related as T a = rj ab T b . 
Ordinary contravariant and covariant world volume vectors are related as usual by 
ym _ ^mny^ Exploiting the relation 

(det e)6 mnr = € a bcG m c n c r (3-9) 

and equation (J3.8|) . world volume tensor expressions are readily converted to the 
corresponding tangent space tensor ones, for example, ^T mn T mn = T m T m = T a T a . 

The non-BPS p=2 brane action dual to this non-BPS D2-brane action can be ob- 
tained by eliminating the now independent field strength tensor. The field equations 
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for the field strength, 5T/5F a = 0, yield an algebraic relation between it and the 
Lagrange multiplier and Goldstino fields 



Squaring this equation yields 



A a = ; S= . (3.10) 



^=^=, (3.11; 



and contracting the equation with A a gives 



A a F a = AVl + T 2 + A a b a . (3.12) 

Substituting these expressions into the action (|3.7|) results in 

r = -a J d^dete^VT^-A^a + l -A mn [d m A n - d n A m )} . (3.13) 

Applying the gauge field equation of motion, 5T/5A n = = +a<9 m ((det e)A mn ), 
implies that the Lagrange multiplier is given by the curl of a scalar field (det e)A mn = 
e mnr d r (p, so that A m = ^-~<9 m 0, or equivalently 

A a = e- lm d m <P = V a <P- (3.14) 

Integrating the gauge field terms by parts and setting d m ((det e)A mn ) = yields the 
dual action for a non-BPS p=2 brane embedded in N=l, D=4 superspace, equation 

V = -o J d 3 £ [det ey/l-V a <j>T> a <l> - X -e mnr b mn d r A ■ (3.15) 
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4 Field Redefinitions And Equivalent Actions 



As stated in the introduction, the non-BPS p=2 brane action obtained by the Green- 
Schwarz and coset methods, equation (jl.lj) . differs from the above action, equa- 
tion ()3.15j) ( (jl.4jl ). obtained by duality from the direct construction of the non-BPS 
D2-brane action, equation ()3.6|) Or, mutatis mutandis, the Akulov-Volkov- 

Nambu-Goto action in equation ()2.23|) can itself be obtained as the dual to the 

non-BPS D2-brane Born-Infeld action in equation (|2.37|) ( (|1.2j) ). Proceeding analo- 
gously to the above, the action (|2.37jl with Lagrange multiplier is introduced 



-o J d 3 £ Udet (g mn + F mn ) - F m (9 d m A) 



- l -{dete)A mn {F mn - (d m A n - d n A m )) 
= -a J d^<\ete^J{l + F-F a )-F a K a -F a {9V a A) 

+^A m "(a m A„-a„A m )|. (4.i) 

Applying the equation of motion for the field strength, jp- = 0, it is found that 

A a + (9 V a A) = - F \ . (4.2) 
V ; VI + F b F b V ; 

Once again, squaring the equation yields 

VTTF2 = 1 (4.3) 



1 - (A + (6VX)) 2 
while contracting with (A a + (8T) a \)) yields 



F a A a + F a (6V a \) = (A + (6V\)) 2 Vl + F 2 . (4.4) 
Substituting these into equation ([4.1)1 . the action becomes 



r = -<rjd 3 £det e | V 1 - (A + {9V\)f + l -A mn {d m A n - <9 n A m ) j . (4.5) 

Applying the A n field equation results in A a = V a (p and hence the Nambu-Goto- 
Akulov-Volkov action of equation ()2.23j) for a non-BPS p=2 brane embedded in N=l, 



D=4 superspace is obtained 



r = -o J d 3 £ deteVl - V a 0V a 0- (4.6) 

Since these actions describe the dynamics of the same extended objects, either a 
non-BPS p=2 brane or a non-BPS D2-brane, there is an equivalence relation between 
them. Returning to the direct Green-Schwarz form of the D2-brane action, equation 
f|3.6|) . a field redefinition for the field strength tensor in equation ()3.7|) . now denoted 
with a prime, F' mn = F mn + y mn , is required in order to express the action in the 
alternate form of equation (|4.1|) . The field redefinition y mn is determined by requiring 
the Lagrangian of equation ()3.7|) to be equal to that in equation (|4.1|) 



det{g mn + r mn ) -(dete)A m "F^ n 

1 



det (g mn + F mn ) - F m (8 d m A) - -(det e)A mn F mn .(4.7) 



This yields the equation for y mn 

y a A a -F a (9V a X). (4.8) 



(1 + F 2 ) 



/ (y - 6)2 + 2F(y - b) _ 
1 + F 2 



Isolating the square root containing y a and squaring the equation leads to the van- 
ishing of a quadratic form in y a 

y a A ab y b + 2B a y a + C = 0, (4.9) 

with the coefficients given by 

A a b = Vab - A a A 6 
B a = (F a — b a ) + ((F ■ J) — £)A a 

C = b 2 — 2(F ■ b) + 2C(F ■ J) — (F ■ J) 2 , (4.10) 

where J a = (^P a A) and £ = y/1 + F 2 . 

The solution to this equation is a surface of the general form 



y a = MBA-^B -C) A 2 b u b - A~ l \B\ (4.11) 
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where u a is an arbitrary time-like unit vector, u a u a = 1, and 

1 



j^— lab 



v ab + 



a a 6 



' A 2 



[1 - A 2 ] 

i r 

i - 



A a A 



1 



yr^A 2 



a A b 



A a A 



(4.12) 



so that 



(BA' l B-C) 



[1 - A 2 ] 



(A • B) 2 + A 2 [(F ■ J) — Cf 



+F 2 - 2C(F ■ J) + (F ■ J) 2 

+2(A ■ F — A ■ b)[(F ■ J) - £]. 



(4.13) 



In the purely bosonic case, when the Goldstinos are absent, the action reduces to the 
pure Born-Infeld action in both cases. Hence the unit vector u a is fixed by requiring 
no field redefinition in the case of 6i = = Aj. Thus y mn \ d=0= \ = is an equation for 

u a 

u = , 1 A-*B\ 0=O=X , (4.14) 
\JBA~ X B ' V ; 

where C|6»=o=a = 0. With zero subscripts denoting the value of the quantities at 
9i = = Aj, the solution for the required field redefinition is found 



C 



y 



BA~ X B 



(4.15) 



with 



BqA 1 B 



1 



-[(F ■ A) — £A 5 



[1 - A 2 ] 

+A 2 £ 2 + F 2 - 2C(A ■ F) 



=0=A- 



(4.16) 



The non-BPS p=2 brane action, equation ()3.15|) . obtained by duality from the non- 
BPS D2-brane action, equation (|3.6J) . also can be shown to be equivalent to the Green- 
Schwarz method and coset method action, equation (j2.23jl . by a field redefinition 
directly. Consider the p=2 brane action of equation (|3.15|h including a Lagrange 
multiplier vector density L m to define the vector field v' m = d m (f), 

1 



a / cf £ 



det ev 1 — e; 



U m'l e b °n o e 



(4.17) 
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The vector field can be redefined v' m = v m + y m so that this action becomes that of 
equation (|2.23jl . including a Lagrange multiplier, 



r = -a \ Si 



det eVl - e- lm v m r] a % ln v n - L m [v m - (<9 m + (6d m \))} 



(4.18) 



Setting the Lagrangians equal implies the equation for the required field redefinition 

Vm 



det eyl -(v + y f - -e mnr b mn (v r + y r ) - L m (y m + J m ) = det evO^, (4.19) 

where J m = (0$ m A). As earlier, isolating the square root involving the vector y m and 
squaring yields an equation for the quadratic form in y 



with 



y m A mn y n + 2B m y m + C = 0, (4.20) 



A mn = (dete) 2 g mn +(b + L) m (b + L) n 
B m = (dete) 2 g mn v n + [(b n v n ) + (L n J n ) + C](b + L) m 
C = [2£+(b m v m ) + (L m J m )][(b n v n ) + (L n J n )], (4.21) 



where now C = det eyl — v 2 , b m = \e mnr b nr and recall g mn = e^^e^ so that 
^mn _ £- lm r i ab (i- ln with g mn g n r = & m T - Analogous to the previous case, the solution 
is given by the surface 



y m = VBA^B - CA„lu n - A^ n B n . (4.22) 

The actions are already identical in the bosonic case, hence the field redefinition must 
vanish for 9 = = A. This defines the time-like unit vector u m to be 

VBA^B JBoA^Bo 



>o 

The final form of the field redefinition is as in equation ()4.15|) along with equation 
T2TT) and 

A rnn = A mn \ e=0=x = (det e ) 2 g™ + L m L n 
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B 



o 



I'm 



B 



■in 



e=o=x — 



(deteofgrVn + CoL 



rn 



Co 



C\ e =o=x = 0. 



(4.24) 



Also additional field redefinitions are possible which include changes in the Lagrange 
multiplier field as well. Once again these lead to a quadratic form in y m equal to zero 
with modified coefficients. 

The Akulov-Volkov-Nambu-Goto action in equation (J2.23)) ( 1)1.1)1 ) for a non-BPS 
p=2 brane embedded in N=l, D=4 superspace was the same whether obtained by 
means of the non-BPS Green-Schwarz method or the coset method. This action 
was shown to be dual to the supersymmetric Born-Infeld action, equation (J2.37jl 
( (jl.2|) ). for a space- filling non-BPS D2-brane in N=2, D=3 superspace, which was 
first obtained by the coset method in [T3|. Applying the Green-Schwarz methods 
of Sen jB] to the case at hand, another form of the action for the non-BPS D2- 
brane was obtained, equation (J3.6j) ( ()1.3)) ). The dual non-BPS p=2 brane action to 
this, equation (J3.15jl ( p. 4)1 ). had a form different from the non-BPS Green-Schwarz 
method and coset method action of equation ()2.23)) ( 1)1.1)1 ). as it should. In each case 
the required field redefinition was found to show that each non-BPS p=2 brane action 
was equivalent and that each non-BPS D2-brane action was equivalent. Finally, coset 
construction techniques can be readily applied to the case of a non-BPS brane in 
arbitrary space-time dimensions, in particular for ten or eleven dimensions relevant 
for string theory. 

MN would like to thank Koji Hashimoto, Kenji Nagami, Norisuke Sakai and Cosmas 
Zachos for interesting discussions and useful comments. The work of TEC and MN 
was supported in part by the U.S. Department of Energy under grant DE-FG02- 
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